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Abstract 

The object of the present paper is to show the existence and the 
uniqueness of a reproductive strong solution of the Navier-Stokes equa- 
tions, i.e. the solution u belongs to L°° (0, T; V) n L 2 (0, T; H 2 (fi)) and 
satisfies the property u(x,T) = u (x, 0) = no (x). One considers the 
case of an incompressible fluid in two dimensions with nonhomogeneous 
boundary conditions, and external forces are neglected. 
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1 Introduction and notations 

Let fi be an open and bounded domain of K 2 , with a sufficiently smooth bound- 
ary T; and let us consider the Navier-Stokes equations: 



— vAv + v.Wv + Vp = 

at 

div v = 



m 



Qt 
Qt, 

n. 



Slx]0,T[, 



m 



(1) 



v = g 
w(0) = v a 



on 



rx]o,r[, 



m 



where g , Vq and T > are given. We suppose that : 



div Vq = in f2, Vq.ti = on T, 



(2) 



and 



g.n = on Sy. 



(3) 



One is interested on one hand by the existence of strong solutions of system 
(1). On the other hand, one seeks data conditions to establish the existence of a 
reproductive solution generalizing the concept of a periodic solution. Kaniel and 



Shinbrot [5] showed the existence of these solutions for system (1) in dimensions 
2 and 3 with external forces but zero boundary condition i.e. g = 0. With 
another approach using semigroups, one can also point out the work of Takeshita 
[10] in dimension 2. 

We need to introduce the following functional spaces, with r and s positive 
numbers: 

H^(Q T ) = L 2 (]0, T[ ; IF(fi)) n H s (]0, T{ ; L 2 (ft)) 



These are Hilbert spaces for the norm 




In the same manner one defines spaces H r ' s (Sy). 
We now introduce the following spaces: 

V = {v £ Z>(Q) 2 ; div v = in fl} , 

H=|t)e L 2 (f7); div v = in Q, v.n = on r} , 

V = {v e Hj(fi); div v = in Q} , 

Let us recall that V is dense in H and V for their respective topologies. 

Here, is the class of C°° functions with compact support in O. The 

notations (.,.) ct ((.,.)) indicate the scalar products in L 2 (f2) and in Hq(S!) 
respectively, and |.| et ||.|| the associated norms. 

In the order to solve problem (1), we will have to remove boundary condition 
g. and consider a new problem with zero boundary condition. We note that if 
v e H 2,1 (Q T ) is solution of (1), then thanks to the Aubin compactness lemma 
(see J.L. Lions [8] , R. Temam [11] ) one will have 

veC° ([0, T] ; H 1 ^)) C° ([0, T] ■ H 1 / 2 ^)) 

So that a necessary condition for v to exist is that: 

g (a;,0) = v (x) , xeT. (4) 
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Combining (2)- (4), one has: 

g.n = on T x [0,T[. 

The following lemma allows us to state hypotheses on g (voir Lions-Magenes 
[7])- 

Lemma 1.1. Suppose that (4) takes place and let 

flG h 3/2,3/4 (Et); ^H^f!). (5) 

Then there exists a function R G H 2,1 (Qt) such that 

H=g on S T et R (0) = v in ft, (6) 
and satisfying the estimates 

||R|| H 2,1(Q T ) < C (||9|I H 3/2,3/4 (Et) + |K|| H l(fi) ) n (7) 

We now consider the problem: 

For a given g verifying (5), one seeks (u, q) which satisfies 
du „ „ 

— - uAu + X7q = m Q T , 
at 

div u — div R in Qt, (8) 

u = on St, 

t u(0) = in ft. 

The following proposition holds (see Dautray-Lions [2] , O. A. Ladyzhenskaya 

[6] , V.A. Solonnikov [9]) : 

Proposition 1.2. We suppose that (5)holds, 

div Vq = on ft, v Q.n = in T, and g.n = in £t- (9) 

TTien problem (8) has an unique solution (it, g) smc/i i/iai 
ueU 2 '\Q T ), g eL 2 (0,T;ffW) 
with the estimates 

ll M llH2,l(Q T ) + lklll,2( 0iT;H l(Q)2) < C (j|ff||H3/2,3/4( ST) + 1 1 "^0 1 1 H l (S"2) ) - Q 

(10) 

Thus the function defined by 
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G = R u in Q T (11) 

satisfies the estimates (7) and 



div G = 


in Q T , 


(12) 


G = g 


on St, 


(13) 


G(x,0) =v(x,0) 


x e 0. 


(14) 



This yields the following lemma: 

Lemma 1.3. Let g and vq satisfy (4), (5) and (9). Then there exists 
G £ H 2,1 (Qt) satisfying (12)-(14) and the estimate 

!I G !Ih 2 .i(q t ) - C (||9'IIh 3 / 2 ' 3 / 4 (s t ) + ll w o|| H i(n) ) - a 
Moreover, one has the next lemma 



Lemma 1.4. Let s > 0,and let g and v satisfy the hypotheses of lemma 1.3. 
Then there exists G e £ H 2,1 (Qt) smc/i fftai 

div G £ = in Qt, 



with 



G e =g on S T , 

|G e (.,0)|| <C £ ||G(.,0)|| 



W£ V, |6KG £ (t), V )|</3( £ ,t)||V V || 2 j2(n) 



sup fi{e,t) — > w/ien. e — > 0. 
te[o,T] 



Moreover, there exists an increasing function L : R + — > R+ , not depending on 
e, such that 

H G ellH2,i(Q r ) < L n—n - I, I, I (||9|Ih3/ 2 .3/ 4 (s t ) + ll w o|| H i(n)) 

\I|9|Ih3/2,3/4 (Et ) + ||vo|| H i(n) / v 7 



Proof. 

i) Step 1 : One takes up again the Hopf construction (see Girault & Raviart 
[4], Tcmam [11], Lions [8], Galdi [3] ). 

ii) Step 2 : The open domain ft being smooth, and since div G e = in Qt and 
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G.n = on T x [0,T[, there exists, for all t € [0, T[, a function ?/> depending 
on x and i, such that 



G = rot ip in fl x [0, T ] 



with V = on r x [0,T[, V € L 2 (0,T;H 3 (ft)), ^ g L 2 (CTjH^O)) and 
satisfying the estimate 



IMlL 2 (0,T;H3(fi)) + IIV't|lL 2 (0,T;H 1 (fi)) - ^ II ^11 H 2 . 1 (Q T ) ■ 

Hi) Step 3 : Let 

G £ = rot (6» £ V) • 
One deduces from the properties of 9 e , for j = 1,2: 



(15) 



GK^,i)| <C(^|#r,t)| + |V#r,t)|) if < 25(e) 



and = if p{x) > 26(e). 
We note that 



4, e C ([0, T] ; H 2 (ft)) C ([0, T] ; L°°(fi)) . 



Therefore, 



G*{x,t)\ <C[ j^ + \Vip(x,t)\ ) if p(z)< 25(e). 



Thus, for all u G Hj(fi), 



+ 



L 2 (Q) 



o(x)<28(e) ) 



1/2 



|«iG||| La(n) < Ce ||V Vi || L2(n) + C ||V^|| L2(n) x 



J |W>| 2 



1/3 



dx 



\{x)<25(s) 



Setting 



f3(e,t) 



\ 



1/3 



|V^| 3 da; 



\>(x)<26(s) 



J 
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it's clear that 



lim/3(e, t) = uniformly on [0, T] . 



The second inequality of lemma 1.4 is a consequence of Holder inequality. The 
first inequality follows from Hardy inequality for H"Q(£l)-functions and properties 
of e F .□ 



2 Existence of strong solutions 

Let us make a change of the unknown function in problem (1), by setting 
u = v-G £ , u a = v - G £ (.,0) , 

where G e is the function given by lemma 1.4. Problem (1) then becomes: 

— - vAu + u.Vu + it.VG e + G £ .Vit + Wp = f £ in Q T 

div u = in Q T (16) 

it = on St 

m(0) = ttg in Q 



with 

dG £ 



dt 



.AG, - G £ .VG e and u§ = w - G e (.,0). (17) 



We note that u £ Q EV and 

IKIIhmo) ^ °z (||9|| H 3/2,3/4 (St) + IKI| H i(fi) ) • ( 18 ) 

Moreover, f s e L 2 (0,T;L 2 (ft)) and 

H/ellL2(0,T;L2(fi)) < Ce (llff HhV2,3/4(e t ) + H W o|| H i(fi) ) ■ ( 19 ) 

Now we are able to announce and to establish the following theorem : 

Theorem 2.1. Let v n and g satisfy the hypotheses of lemma 1.3. Then 
problem (16) has a unique solution (u, p) such that 

MG L 2 (0, T; H 2 (il)) fl L°° (0, T; V) , — eL 2 (0,T;H), p E L 2 (0, T; , 

p fteing unique up to an L 2 (0,T)- function of the single variable t. 
Proof. 



2.1 Approximate solutions 

We use the Galerkin method. Let m € N* and uo m € (to^uij, ...,w TO ) such that 

Mom — » Mq in V, if m — > oo, 

where are the Stokes operator eigenfunctions . For each m, one defines an 
approximate solution of (16) by : 



u m (t) = J2 gjmi^Wj 

3=1 

(u' m (t) , Wj) + v ((u m (t) ,Wj)) + b (u m (t) ,u m (t) ,Wj) (20) 
+b (u m (t) , G E (t) , Wj ) + b (G e (t) ,« m (t) ,«>,•) = (/ e (i) 
U m (0) = u 0m , i = 1, -,m 

This is a nonlinear differential system of m equations in m unknowns Qjmi 
3 = 1, •■•,"1 : 

E™ i («>i, Wj) g- m (i)+f E"i ((Wi, Wj)) g lm (t)+J2Z=i b (wi,w h Wj) g tm (t) g lm (t) + 
+ E™ i i b (w t ,G £ (t) ,Wj) g vm (t) + b (G e (t) ,Wi,Wj) g vm (*)] = (/ e (t) ,w,-) , 

2.2 Estimates I 

Let us multiply (20) by gj m (t) and sum over j : 

~\ Um (t)\ 2 + v\\ Um (t)\\ 2 = -b{ Um (t),G E (t),U m (t)) + {f E (t),U m (t)) 

<\fe (t)\\\u m (t)\\ + \b( Um (t),G s (t),U m (t))\ 

One deduces from lemma 1.4 that : 

As sup /3(e, i) — > when e — » 0, for a fixed and small e > 0, one has: 
te[o,T] 

|,^(t)|» + ^||^( t )||»<-^|/ 8 ( t )|». (21) 
Integrating (21) from to s, one deduces that: 

\u m (s)\ 2 <\ Uom f + -^L^f*\f e (t)\ 2 dt 

< l M o| 2 + (Q) H^e (*)llL2(0,T;L2(n)) 



< Ce (||s|Ih3/2, 3 /4 (Et) + II«o|Ihi(o) ) 
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according to (18) and (20). Therefore 

u m e L°°(0,T;H), (22) 
and {u m } is an equibounded sequence in L°°(0,T;H). 
Next, thanks to (21), one has: 

u m e L 2 (0,T;T/), (23) 
and the sequence {u m } is equibounded in L 2 (0,T; V). 

2.3 Estimates II 

Let us multiply (20) by Xjgj m (t) and sum over j : 

\~~it " Mm + V \ AUm ^ + b ( Um (*) > Mm (*) ' (*)) + 

b (G e (i) ,w m (t) , Aw m (i)) + 6 (u m (t) , G £ (t) , Au m (i)) = (f s , Au m (i)) 

(24) 

where A is the Stokes operator. Let us begin by considering the nonlinear terms. 
For the first term, thanks to the Gagliardo-Nirenberg inequality one has 

\b(u m (t) ,u m (t) , Au m (t))\ <\\u m (Oll^rn) II Vm ™ (Olli^n) \ Au m (*)| 

<C\u m (t)\ 1/2 \\u m (t)\\\Au m {t)f 2 
<C\\u m (t)\\ i + ^\Au m (t)\ 2 . 

In the same way, 

\b(G E (t),u m (t), Au m {t))\ < ||G £ (i)|| L4(n) ||Vw m (i)|| L 4 (n) |AM ro (i)| 

<C||G e (t)\\ ul(n) \\u m (i)|| 1/2 |A Mm (t)\ 3/2 
<C\\G e (t)\\ i HliQ) \\u m (t)\\ 2 + ^\Au m (t)\ 2 

We remark that, according to lemma 1.4, one has: 

II G £|Il°°(0,T;H1(J2)) ^ C (llflllH3/ 2 .3/4(E T ) + \\ V IIh 1 (fi)) ■ 

So that 

|6 (G e (t) ,u m (t) , Au m (t))| < C \\u m (t)\\ 2 + V - \Au m (t)\ 2 . 



Finally, 



Hence, 



\b(u m (t),G E (t),Au m (t))\ < \\u m (t)\\^ {n) \\VG £ (t)\\^ {n) \Au m (t)\ 

<C\\u m (t)|| 2 ||G e (t)\\ 2 HHn) + ^\Au m (t)\ 2 . 
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- \\u m {t)\\ 2 + v \Au m (t)\ 2 < - \f e (t)\ 2 +C [\\u m (t)\\ 4 + \\u m (t)f (l + ||G e (t)||^ (n) )" 

Let 

o m (i) = C [\\u m (t)f + (l + ||G e (t)|£ 2(n) )' • 
One knows that 

u m (t) e L 1 (0, T) ; 
so that, according to the Gronwall lemma and (24), one has: 

u m e L^(0,T;U)nL 2 (0,T;H 2 (f>)), (25) 
and {u m } is an equibounded sequence in L°° (0, T; V) n L 2 (0, T; H 2 (ft)). 



2.4 Estimates III 

Let us multiply (20) by g'j m (t) and sum over j from 1 to m. Then 

\u'm = v(Au m (t),u' m (t)) -b(u m (t) ,U m (t) , U ' m (t)) 

-b (G e (t) ,u m (t) ,u' m (i)) - 6 (u m (t) , G £ (i) ,u' m (t)) + (/ e ,< (*)) . 
From this, one deduces that 

K (t)| 2 < i/ \Au m (t)\ \u' m (t)\ +C\\u m (t)|| L4(n) ||Vu m (t)|| t 4 (n) |< (i)| 

+ C||G £ (t)|| L 4 (a) ||V Mm (i)|| L 4 (n) K (t)| 

+ C||« m (i)|| L4(n) ||VG e (i)|| L4(n) \u' m (t)\ + \f e (t)\ \u' m (t)\ 

Using the Gagliardo-Nirenberg inequality, estimates (25) and (19), and lemma 
1.4 giving the estimate of G e , one deduces that 



u' m G L 2 (0,T;H), 
and {u' m } is an equibounded sequence in L 2 (0, T; H). 



(26) 



2.5 Taking the limit. 

It is a consequence of the above estimates that the sequence u m has a subse- 
quence u m , the same notation being used to avoid unnecessary notation over- 
load: 



u m — 1 u weakly* in L°° (0, T; V) , (27) 
tt m — 1 u weakly in L 2 (0, T; H 2 (O)) , (28) 

u' m u' weakly in L 2 (0, T; H) . (29) 



But we have a compact embedding 
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So that 



{v € L 2 (0, T; H 2 (fi) n V) , V € L 2 (0, T; H)} ^ L 2 (0, T; V) 

compact 



u rn — > it strongly in L 2 (0, T; V) and a.c. in Qt (30) 



Let m be fixed and v € (tw^t^, ...,w mo ) . Let m tend towards +oo in (20). 
Then 

(«' (i) , «) + i/ ((« (i) ,»)) +6 (u (t) ,u (t) ,v) + b (u (t) , G £ (t) ,«) 

+&(G e (t),u(t),t;) = (/ e (*),»), 

This last relation being valid for all mo, it remains true for all v € {w\W2, ...,w m ) 
Vm G N*. 

Finally let v £ V. There exists v m <G (W1W2, ...,w m ) such that v m v in V 
and 



(«' (t) ,v) + u ((« (i) ,«)) + 6 (w (t) ,tt (t) ,v) 

+fe (« (t) , G £ (t) ,«) + 6 (G e (t) ,« (t) ,») - (/ e (t) ,») (31) 



Now let us note that for all t € [0, T] , 

u m (i) — > m (t) weakly in V, 

and thus 

(0) = u 0m -» m (0) weakly in V. 

Since 
we have: 

u(0)=«§. 

2.6 Existence of pressure. 

From (31), one has, for all v e V", 

(«' — cAu + B (u,«) + B («, G e ) + B {G e ,u) - f e , t;) H _ 1(n)xH i (n) = 0. 

Consequently, there exists a unique function p of L 2 (0, T) satisfying (16) and 
such that : 

peL 2 (O.TjH 1 ^)) . 
This ends the proof of theorem 2.1.D 
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3 Uniqueness Theorem 

Theorem 3.1 Problem (16) has a unique solution. 
Proof. 

Let u and v be two solutions satisfying the hypotheses of theorem 2.1 and let 
w = u — v. Then one has 
dw 

— vAw + w.Vu + v.Vw + w.VG e + G £ .Vw = 

at 

Multiplying by w, we obtain 

1 d 2 2 

-— |t»(t)| +f||w(£)|| = — (w.Vu,w) — (v.Vw,w) 

- (w.VG s ,w) - {G e .Vw,w) 
But b (v,w,w) = and b (G e ,w,w) = 0. This yields 

1 d 2 2 

2dt> w ^ + = -b{w,u,w)-b(w,G £ ,w). 



One then integrates with respect to t and we get 

w (t)| 2 + v J* \\w (s)|| 2 ds = — J * b (w,u,w) ds — J* b (w, G e ,w) ds. 



2 

Since 



f*b(w,u,w)ds < Cif* ||w(s)|| L 4 (n) ||«(s)|| L 2 (n) da 

SI rt I /MM / Ml M / Ml 7 



< C 2 / X*)| 11^(5)111^(5)11^ 

< ^f*\\w(s)\\ 2 d S + C 3 f*\w(s)\ 2 \\ U (s)fds. 



and, by the same way, 



f*b(w,G e ,w)ds < -f*\\w{8)fd8 + C 4 f*\w(s)\ 2 \VG e (s)\ 2 ds. 
it follows that 

\w (t)\ 2 < C 5 /* \w (s)\ 2 (|VG e 00| 2 + || U (s)f) 

Thanks to the Gronwall lemma, one deduces w = 0.D 



4 Existence of strong reproductive solution 



We first recall results obtained by Kaniel et Shinbrot [5] in the study of the 
following problem : 



du 

div u = 
u = 

k U(0) = M 



in Li T 

in Q T 

on St 
in 



(32) 



n 



li 



where f2 is an open and bounded domain of M 3 , with a smooth boundary T. 

The following result establishes the property of a reproductive solution 

Theorem 4.1. Let T >0, and f G Br^t with f small enough. Then, there 
exists an unique function Uq, independent of t, with Vuq G jBr,t and such that 
the solution of (32) reproduces its initial value at t — T : 

u (x,T) = u (x,0) = u (x) , 

where 

B R , T = {uE L°° (0,T;L 2 (SI)) : ||«|| LO c (0>T . L2(n)) < r} ■ 

We begin by recalling the following lemma. 
Lemma 4.2. If 

ueL 2 (0, T; H 2 (fi) n V) and u' G L 2 (0, T; H) 

then 

u eC([0,T];V) 

and 

j t \\u(t)\\ 2 = -2{u'(t)^u(t))n 

Now, let 

v G H 1 ^) n H, too G H 1 ^) n H, g e H 3/2 ' 3/4 (E T ) (33) 

with 

g.n = on St and v (x) = w (x) = g (x, 0) x G I\ (34) 

With these assumptions, it follows from theorem 2.1 that system (1), with data 
(v ,g) , (respectively (wo,g)), has an unique solution 

v G L 2 (0, T; H 2 (0) n H) n L°° (0, T; H 1 (fi)) and »' G L 2 (0, T; H) , 

(respectively 

w G L 2 (0, T; H 2 (O) n H) n L°° (0, T; H 1 (fi)) and to' G L 2 (0, T; H) ). 
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Let us now set z = v — w. Then 
dz 



vAz+ w.Vz + z.Vd + Vr = in Q T 

at 

div z = in Qt 

z = on Yjj 

z(0) = Vq — Wo in 0. 



where r = p — q (q being the pressure corresponding to w). 
Lemma 4.3. // 

max (JMIl^IUTiH 1 ^)) ' IIHIl^O^HUSI))) - M 

under the assumptions (33) and (34) with < M « 1, i/ien 

|||z(t)|| 2 + H|zW|| 2 <0 
and i/iws, /or aZZ t G [0, T] , 

(i) — (i)| < \\v — wo\\ cxp (—ft) . 

Proof. 

Let P: L 2 (fi) — > H, be the orthogonal projection operator. Then 

V</> e H, (Vr, p) = 0. 
In particular, let us multiply (35) by PAz = Az : 

~\\z (t)\\ 2 + v \Az\ 2 = - (w.\7z,Az) - (z.Vt;,,4z) 

But 

\(w.Vz,Az)\ < ||w|| L 4 (n) ||Vz|| L4(0) \Az\ 
< C\\w\\ \Az\ 2 

and 



|(z.V«,^z)| < ||z|| LOC(n) \\v\\ \Az\ 
<C\ 

So that if 



<C\\v\\ \Az\ 2 . 



Ml /':.H. '(<»)) r - ""'I L ill. 7 :H> i<>i J - 2 

then 



|||z(t)|| 2 + H|z(t)|| 2 <0 



and one deduces (38). □ 
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4.1 The main result 

Lemma 4.4. Suppose that g and v satisfy hypotheses (4)-(5) and (9). Let us 
suppose moreover that f e € L°° (0,T;L 2 (Q)) cmd t/iai 

I|9|Ih3/2,3/4 (Et) + |N|| H i(fi) < " (39) 

II/ £ IIloc( ,T;L 2 (Q)) < K (40) 

wit/i a > and < K « 1 . T/ien, i/ « is the solution given by theorem 2.1, 
one has: 

sup ||Vu(t)|| ta(n) <M (41) 

te[o,r] 

Remark 4.5. Let us recall that 

u = v - G e (.,0) 
Consequently, if hypothesis (39) takes place, one has from lemma 1.4 : 

||«o|| < ||«o|| H i(n) ^ ll^0|| H i(O) + ll G e(-' )llHi(^) 

< IK|| H i(Q) + L (||9|| H 3/2,3/4 (Et) + ||«o|| H i(n)) 
<a(L+l) = M.O 

Proof of lemma 4.4. (see Batchi [5]) 

Let us multiply (16) by Au and integrate on £1 : 

\jt IM|2 + V |AW|2 " ^ /e - AudX ~ ^ {UNU) - AudX 

- J n («.VG e ) .Audx - J n (G e .Vu) .Audx 

But 

|/ n (u.Vu) .Au dx\ < ||u|| L0O(n) ||u|| \Au\ 
< C x \\u\\ \Au\ 2 , 

where C\ is such that ||w|| L oo/q) < C\ \Au\ . 

In the same way, one also has 

|/ n (u.VG e ) .Audx\ < Ci ||VG £ || L2(n) |A«| 2 

But thanks to the lemma 1.4, one knows that 

G £ eL°° (0.T5H 1 (fi)) 

and 
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ll VG e|lL2(0) < C2 ||G e || H2>1( Q T) 

< C 2 L (||fl|| H 3/2.3/4 (ET) + ||V0|| H l(fi)) 

< C 3 a. 

It then follows that 

l/o (G e .Vu) .Audx\ < ||G £ || L4(n) ||Vu|| L4(n) \Au\ 

< C 4 ||G e || H1(n) \Au\ \\Vu\\^ (n) IIV^H^j 

<C b a\\u\\ 1/2 \Auf 2 

<C 5 aVC^\Au\ 2 , 

with ||u|| < C 6 \Au\ . 
Thus, 

^\\u\\ 2 +v\Au\ 2 < \f e \ |^u|+Ci||u|| \Au\ 2 +C 1 C s a\Au\ 2 +C 5 a^/C~ 6 \Au\ 2 . 

(42) 

Let <p(t) = \\u(t)\\ 



i) Let us first suppose that ||it || < M. 

Let to > be the smallest t > such that ip (to) = M. According to (41), one 
then has 

~ ll« WIlLc + " \ Au (*o)| 2 < K \Au [to)\ + C\M \Au [to)\ 2 

+dC 3 a \Au (t )\ 2 + C 5 aVC^ \Au (t )\ 2 . 
Let us choose a sufficiently small and K such that 

8 Og 8 

\l t \\u{t)\\ 2 t=to +y\Au{to)\ 2 < V -±-M\Au(to)\ + ^\Au(to)\ 2 
\j t ll« (*)llL„ + * \Au [to)\ 2 <l^\W (*o) II l^« (t )| + f |A« (t )| 2 
~ll«(*)|lU+ I/ ^"(*o)| 2 <^«(t )| 2 . 



Then 



Thus 



j t \\u{t)\\ 2 t=to +v\Au{t )\ 2 <Q 



which implies that 

|ll«(*)llU<0 
Consequently, there exists t* G [0, t [ such that 

<p (i*) > (to) 5 m contradiction with the definition of to- 
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Therefore 

Vt e [0, T] , <p(t)< M. 

ii) Suppose now that ||uo|| = M. 

According to the above calculations, one verifies that <p' (0) < and thus there 
exists t* > such that 

Vt e]0,t*],<p(t) <M. 

Repeating the reasoning made in i), one shows that on [t*,T], <p(t) < M, and 
this ends the proof. □ 

Remark 4.6. From now on, we assume that g does not dependent on time. 
More precisely, it is supposed that 

ge H 3/2 (r) , g.n= on T. (43) 
One recalls that v e H 1 (O) satisfies 

div v = in Q, v .n= on T (44) 

and that 

v a = g on r. (45) 
One knows that there exists G e H 2 (O) such that 



f div G = in 0, 
\ G = g on T, 

with 



(46) 



II g IIh2(q) < C||9llH3/2(r) ■ ( 47 ) 

Processing as in lemma 1.4, one shows the existence, for all e > 0, of G £ € 
H 2 (O) satisfying (44)- (47) and the estimates: 

W g V, \b(v,G £ ,v)\ <e\\g\\ 2 (48) 

The right side f e in system (16) then becomes independent of time and satisfies 

/ £ eL°°(0,T;L 2 (Q) 2 ) (49) 
In the same way, Mq becomes 

= v Q - G £ (50) 

with G £ depends only ong.D 
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4.2 Reproductive solution result 

With these assumptions on g and v , lemma 4.2 remains naturally valid and 
one is able to establish the theorem which follows : 

Theorem 4.7. Let ge H 3/2 (T) such that g.n= on T and 

||s|| H 3/2(r) < a (5 1 ) 

with < a « 1 . Then, there exists v € H 1 (Q) such that div vq = in Q 
and v = g on T, and such that the solution v = u + G e where u is given 
by theorem 2.1, is reproductive: 

v{T) = v(0)= v . 

Proof. Let G e e H 2 (SI) be the extension of g satisfying(45)-(47) and 

f e = fAG e - G e .VG E 

Let u £ = v - G e e V and ue L 2 (0, T; H 2 (O)) n L°° (0, T; V) be the unique 
solution of (16). We note that the function v = u + G £ is the unique solution 
of the initial problem (1). As in the proof of lemma 4.3, it is clear that if 
< M, then 

sup ||«(i)|| < M 

t€[0,T] 

provided that ||/ e || L 2(n) i s sufficiently small, which follows from (49). 
Let us define the application 

L: u§— >u(.,T) 
Bm — > Bm 

where B M = {z eV, ||z|| < M} ; 

u(.,T) being the unique solution of (16) at t = T. 

Moreover, as in remark 4.5, it is clear that if ||«o|| < a an d || w o|| < a then 
|| -ug || < M and ||tu§|| < M, 

with = w - G £ . 
So that 

L«§ (t) - Ly§ (t) =«(t)-y(t) 

= u (t) - G e - (y (t) - G e ) 
= v (t) - t« (t) , 
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and, according to lemma 4.2 

||Lug(f)-Ly§(t)|| = \\v(T)-w(T)\\ 

< || v - to 1| cxp {-vT) 

< ||ug -y§|| cxp (-i/T) 

Thus L is a contraction and has a fixed point. □ 
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